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Abstract
We study quasinormal modes of massless scalar and fermion fields in the near
extremal Reissner-Nordstro¨m black hole, and relate them to Choptuik scaling
form following a recently proposed analytic approach. For both massless cases,
quasinormal modes are shown to be proportional to the black hole horizon and
the Hawking temperature, and the critical exponents are the same, although
for the fermionic case there are two possible discrete quasinormal modes.
In addition, the critical exponent of the massive boson is also equivalent to
that of the massless case. Finally, we discuss quasinormal modes and critical
exponents in the other models, and obtain some different critical exponents
between massless boson and massive one.
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One of the most exciting studies in gravitation is the gravitational collapse of infalling
matters. When smooth initial data are slightly greater than those of critical ones, then the
black hole formation appears, otherwise the matter fields eventually scattered below the
critical values of initial data [1]. The dynamical behaviors are quite same and indistinguish-
able after certain time, and then the final state of the collapsing matter is determined by
the initial data [2].
Since Ban˜ados, Teitelboim, and Zanelli(BTZ) have found a nontrivial black hole solution
in (2+1)-dimensional anti-de Sitter(AdS) spacetime which has a negative constant scalar
curvature [3], it has been widely studied in diverse branches of theoretical physics, including
gravity and string theory. Recently, in connection with a critical behavior of black hole
formation in (2+1)-dimensional AdS spacetimes, several works have been done not only in
numerical ways but also analytical ones. For a massless scalar field, critical behavior has
been studied in Ref. [4] by supposing a scaling relation of an AdS black hole,
M = K(p− p∗)2γ, (1)
where the critical exponent yields γ = 1.2 ± 0.05 by some numerical calculations. An
analytical approach [5] gives an exact critical solution for a scalar field, which is compatible
with the result obtained in Ref. [4]. By a different numerical way, the critical collapse of
scalar field in (2+1)-AdS spacetimes has been studied and obtained the critical exponent for
a black hole formation, γ = 0.81 [6]. In the case of dust-shell collapse, the exponent γ = 1/2
has been obtained [7]. Especially the BTZ black hole formation has been studied in terms
of group generators of AdS3 isometries using Gott time machine condition, and obtained a
critical exponent γ = 1/2 for two colliding particles [8].
On the other hand, a few works on quasinormal modes of black holes show that quasi-
normal frequencies may be related to the critical exponents in some special spacetime ge-
ometries. The quasinormal modes of minimally coupled scalar fields in AdS-Schwarzschild
black hole have been studied in three [9], four [10,11], five, and seven dimensions [10]. And
a conjecture between quasinormal frequencies and a critical exponent, ω ∼ rH/γ, has been
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given [10], and analytically studied in BTZ black hole background for a massive scalar field
in Ref. [12].
In this paper, we shall study some field equations on the near extremal RN black hole
background which is effectively described by AdS2 black holes by assuming a spherical
symmetric dimensional reduction. Quasinormal modes of massless scalar and fermionic
fields in the near extremal RN black hole will be calculated following Ref. [12]. For both
cases, quasinormal modes are shown to be proportional to the black hole horizon and the
Hawking temperature, and the critical exponents γb, γf for boson and fermionic respectively
are all the same, γb = γf = 1/2. Furthermore, the critical exponent of the massive boson is
calculated, which turns out to be equivalent to that of the massless case. Finally, we shall
discuss quasinormal modes and critical exponents in the Jackiw-Teitelboim(JT) model [13],
which gives some different critical exponents between massless boson and massive one.
We start with the Einstein-Maxwell system with a classical matter in four dimensions,
which is given by
Stotal = SEM + SM =
1
16πG
∫
d4x
√
−g(4)
[
R(4) − 1
4
F µνFµν
]
+ SM, (2)
where F is a field strength satisfying F = dA and SM is a matter action. The Einstein-
Maxwell action SEM can be reduced to the two-dimensional action,
S =
1
2π
∫
dx2
√−ge−2φ
[
R + 2(∇φ)2 + 2λ2e2φ − 1
4
F 2
]
, (3)
by assuming the spherically symmetric metric ansatz, (ds)2(4) = (ds)
2 + (e−2φ/λ2)dΩ2(2) and
4λ2G = 2π. The equation of motion for the action is exactly soluble and its solution is
described by the two-dimensional charged Schwarzschild black hole,
(ds)2 = −
(
1− 2GM
x
+
Q2G2
x2
)
d2t+
(
1− 2GM
x
+
Q2G2
x2
)−1
d2x, (4)
with the dilaton and gauge field solutions,
e−2φ
λ2
= x2,
e−2φF µν = πQǫµν , (5)
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where Q is a electric charge of the black hole. In terms of the inner and outer horizons
x± = GM ±G
√
M2 −Q2, Eq. (4) can be rewritten as
(ds)2 = −(x− x+)(x− x−)
x2
d2t+
x2d2x
(x− x+)(x− x−) . (6)
Then the Hawking temperature is
TH =
κ+
4π
=
(x+ − x−)
4πx2+
, (7)
where κ+ is a surface gravity at the event horizon.
We are now interested in the near extremal case of the metric (6). After performing the
coordinate change such as x = Gx˜ − 2πG2Q2TH + x+ and t = 1/Gt˜, and we take a near
extremal limit x+ → x− under the fixed TH and G → 0 [14], then the metric (6) can be
written as an AdS2 black hole form,
(ds)2 = −
(
−µ2 + x˜
2
x2+
)
d2t˜+
(
−µ2 + x˜
2
x2+
)−1
d2x˜, (8)
where µ2 = (2πQTH)
2. By performing one more coordinate transformation such as x˜ =
(2x+Gr − x2+)/(2x+G), and taking limits as G→ 0 and x+ → x− under the fixed Hawking
temperature, we obtain the JT model [13] upto the leading order of a dilaton field,
(ds)2 = −
(
−µ2 + r
2
x2+
)
d2t +
(
−µ2 + r
2
x2+
)−1
d2r +O(r3),
e−2φ = πx+r. (9)
So, the near extremal RN black hole can be effectively described by the JT model [15]. Note
that we assume G → 0, and this gives a large mass black hole for a finite outer horizon
x+, since GM ∼ x+ ∼ GQ in the near extremal limit. Therefore, as the black hole mass
becomes large, the black hole charge also becomes large. In Eq. (9), since µ ∼ 1/G2x+ as
G→ 0, the horizon of AdS black hole becomes large in the near extremal limit. The scalar
curvature for Eq. (4) is
R =
6Q2G2 − 4GMx
x4
, (10)
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and in an appropriate limit of the near extremal black hole, the given scalar curvature
approaches to the constant, R ∝ −1/x2+.
Next, we shall study quasinormal modes of some matter fields in this near extremal RN
black hole in the spherical symmetric reduction, and relate quasinormal modes to the critical
exponent of scaling law for the black hole formation. So the massless bosonic and fermionic
fields in four dimensions are first considered, which is effectively described by the following
two-dimensional action,
SM =
1
2π
∫
dx2
√−ge−2ξφ
[
−1
2
(∇f)2
]
, (11)
by taking only s-wave sector of matter fields. Note that for ξ = 1, it describes a bosonic field
in four dimensions, while the fermionic case is for ξ = 0 which is written after bosonization
[16]. The equation of motion from the action (11),
✷f − 2ξ∂µφ∂µf = 0, (12)
can be solved under the dilatonic AdS2 black hole background (9) This metric has a new
horizon at r = rH ≡ x+µ, and a new Hawking temperature TAdSH is related to the original
temperature as TAdSH = (Q/x+)TH .
In fact, quasinormal modes in AdS geometry has been defined in Refs. [10,12]. In the
near horizon limit, only ingoing waves can be allowed while some fields should vanish at
the AdS boundary since the potential diverges at infinity. This is a prominent feature of
quasinormal modes in AdS geometry which differs from those in asymptotically flat one. So
there exists a discrete set of quasinormal modes ω with a negative imaginary part [10]. In
the two-dimensional system with an AdS geometry, we expect the solution of wave equation
can be exactly solved and will be a form of a hypergeometric function [17].
First, we consider the bosonic case of ξ = 1 to solve the wave equation (12). Using the
background metric (9) and the separation of variables f(r, t) = R(r)e−iωt, the equation of
motion can be written as
(
r2 − r2H
)
∂2rR(r) +
1
r
(
3r2 − r2H
)
∂rR(r) +
ω2x4+
(r2 − r2H)
R(r) = 0, (13)
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where rH = µx+. By means of the coordinate change z = (r
2 − r2H)/r2, Eq. (13) becomes
z(1− z)∂2zR(z) + (1− z)∂zR(z) +
A
z
R(z) = 0, (14)
where A = ω2x4+/4r
2
H . Note that a new variable z spans from 0 to 1 as r goes from rH to
infinity. To remove a singular point at z = 0, we set R(r) = zαg(z). Then the equation of
motion can be solved exactly, which yields a solution of hypergeometric functions F (a, b, c; z)
and z1−cF (a− c+ 1, b− c+ 1, 2− c; z), and α2 is determined as −A, where a = b = α, and
c = 1 + 2α. So, we have a general solution from Eq. (13),
R(z) = Coutz
αF (α, α, 1 + 2α; z) + Cinz
−αF (−α,−α, 1− 2α; z), (15)
where Cin and Cout are ingoing and outgoing coefficients, respectively, and α = iωx
2
+/2rH.
We take a plus sign of α due to α→ −α symmetry for convenience.
Applying the quasinormal mode condition, Cout = 0 at the horizon as z → 0, and we
have only ingoing near horizon solution,
R(z) = Cinz
−αF (−α,−α, 1− 2α; z). (16)
To give a boundary condition at the AdS boundary, we take a transformation of z → 1− z.
In this case, since we have c = a + b + m with m = 1, we have to use the following
transformation rule [18],
F (a, b, a+ b+m; z) =
Γ(m)Γ(a + b+m)
Γ(a+m)Γ(b+m)
m−1∑
n=0
(a)n(b)n
n!(1−m)n (1− z)
n
−Γ(a+ b+m)
Γ(a)Γ(b)
(z − 1)m
∞∑
n=0
(a+m)n(b+m)n
n!(n+m)!
(1− z)n
× [ln(1− z)− ψ(n+ 1)− ψ(n+m+ 1) + ψ(a+ n+m) + ψ(b+ n +m)] . (17)
To vanish the solution at infinity(z → 1), we take a condition of either a + 1 = −n or
b+ 1 = −n. It gives a discrete quasinormal frequency ω as
ω = −i2rH
x2+
(n+ 1), (18)
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so that the critical exponent for the massless boson case is regarded as γ
(0)
b = 1/2. In terms
of the Hawking temperature, Eq. (18) is written as
ω = −i4π Q
x+
TH(n+ 1) = −i4πTAdSH (n+ 1). (19)
So this quasinormal mode is proportional to the horizon rH , and the Hawking temperature
TAdSH of the AdS black hole [10].
In Eq. (18), the discretized quasinormal frequency has a negative imaginary part. The
most general proof of this argument is given in Ref. [10]. It can be realized by assuming
the field equation under the gravitational background with the boundary condition at the
asymptotic region. By using the metric in terms of Eddington-Finkelstein coordinates,
v = t+ r∗ = t+ r/g(r) as
(ds)2 = −g(r)d2v + 2dvdr, (20)
where g(r) = (µ2− r2/x2+) and performing separation of variables, f(v, r) = R(r)e−iωv with
conditions g(rH) = 0 and R(∞) = 0, the useful relation is given as [10]
∫ ∞
rH
dr
[
g(r)|dR
dr
|2
]
= −|ω|
2|R(rH)|2
Imω
. (21)
Therefore, quasinormal frequency has a negative imaginary part since g(r) is positive definite
outside the horizon.
Now we consider the fermionic case of ξ = 0. In this case, we have somewhat different
type of scalar field equation from Eq. (13) since there does not exist a nontrivial dilaton
coupling in the field equation, which is given as
(r2 − r2H)∂2rR(r) + 2r∂rR(r) +
ω2x4+
(r2 − r2H)
R(r) = 0. (22)
Using the coordinate transformation z = (r2 − r2H)/r2 and setting R(z) = zαg(z) to remove
a singularity at z = 0, the wave equation becomes
z(1 − z)∂2zg(z) +
1
2
[2 + 4α− (3 + 4α)z] ∂zg(z)− 1
2
α(2α+ 1)g(z) = 0, (23)
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where α2 is determined as −A = −ω2x4+/4r2H . The solution of Eq. (23) is given as
R(z) = Dinz
−αF
(
1
2
− α,−α, 1− 2α; z
)
+Doutz
αF
(
α,
1
2
+ α, 1 + 2α; z
)
, (24)
where Din and Dout are ingoing and outgoing coefficients, respectively, and α = iωx
2
+/2rH.
From the definition of quasinormal modes, we set Dout = 0. For the present case, one should
use a different transformation rule of z → 1− z [18],
F (a, b, c; z) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)F (a, b, a+ b− c + 1; 1− z)
+ (1− z)c−a−bΓ(c)Γ(a+ b− c)
Γ(a)Γ(b)
F (c− a, c− b, c− a− b+ 1; 1− z), (25)
where a = 1/2 − α, b = −α, and c = 1 − 2α. To vanish the solution as z → 1 gives a
condition either c − a = −n or c − b = −n. This yields two types of discrete quasinormal
frequencies as
ω = −i2rH
x2+
(
n+
1
2
)
, (26)
or
ω = −i2rH
x2+
(n+ 1). (27)
As for the critical exponent for the massless fermionic case, it yields γ
(0)
f = 1/2, which is the
same value with that of the bosonic case.
Now let us consider that a massive scalar field in the s-wave sector. It can be reduced to
the two-dimensional massive scalar field equation in the dilatonic AdS black hole background,
✷f − 2∂µφ∂µf −m2f = 0. (28)
Using the separation of variables f(r, t) = R(r)e−iωt and coordinate change z = (r2−r2H)/r2
for 0 ≤ z ≤ 1, the wave equation becomes
z(1− z)∂2zR(z) + (1− z)∂zR(z) +
[
ω2x4+
4rH
(
1
z
)
− m
2x2+
1− z
]
R(z) = 0. (29)
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To remove two singular points at z = 0 and z = 1, one can redefine R(z) = zα(1− z)βg(z),
Eq. (29) becomes a standard form of a differential equation satisfying a hypergeometric
function,
z(1 − z)∂2z g(z) + [1 + 2α− (1 + 2α+ 2β)z] ∂zg(z)− (α + β)2g(z) = 0, (30)
where α = iωx2+/2rH and β = (1−
√
1 + 4m2x2+)/2. The general solution of Eq. (30) is
R(z) = Eoutz
α(1− z)βF (α+ β, α + β, 1 + 2α; z)
+Einz
−α(1− z)βF (−α + β,−α+ β, 1− 2α; z), (31)
and Eout = 0 by the definition of quasinormal modes. At this stage, we use the trans-
formation rule (25) to make the solution vanish at infinity, and this gives a quasinormal
frequency
ω = −i2rH
x2+
(
n+
1
2
+
1
2
√
1 + 4m2x2+
)
, (32)
and it gives the critical exponent for the massive boson, γ
(m)
b = 1/2.
We have studied quasinormal modes and critical exponents of classical matters including
massless boson and fermion, and massive bosonic field of s-wave sector in the near extremal
RN black hole. Quasinormal frequencies are obtained by solving the wave equation from the
definition of quasinormal modes. Following the relation ω ∼ rH/γ in Ref. [12], as a result,
the critical exponents could be obtained as γ
(0)
b = γ
(0)
f = γ
(m)
b = 1/2 for massless scalar,
massless fermion, and massive scalar fields.
Note that the charge scaling relation was not derived here because the black hole charge
has been regarded as a fixed value in order to use AdS geometry and the useful relation to
quasinormal modes. On the other hand, the charge scaling and its universality in critical
collapse of charged scalar fields have been studied in Ref. [19], and a mass scaling, M ∼
(p − p∗)γ, and a new scaling with respect to the black hole charge, Q ∼ (p − p∗)δ, have
been obtained where the corresponding exponents, γ = 0.374±0.001 and δ = 0.883±0.007,
respectively. However, our approach is valid only for large black holes, since the RN black
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hole can be described by the dilatonic AdS2 black hole which behaves as a large black hole
in the near extremal limit. For these large black holes, it can be shown that quasinormal
modes scale with the black hole temperature TAdSH . These will decay exponentially, which
translates into a time scale for the approach to the thermal equilibrium. Time scale is given
by the imaginary part of the lowest quasinormal mode τ = 1/ωI , where ω = ωR−iωI . These
time scales have universal values in that all scalar fields will decay at these rates [10]. For
our cases, the time scale of the lowest quasinormal mode can be obtained for n = 0 and
inversely proportional to the Hawking temperature,
τ ∼ x
2
+
rH
=
1
TAdSH
. (33)
This means that the more black hole radiates, the faster it decays and approaches to the
thermal equilibrium. For a massless bosonic case(ξ = 1), we have a time scale τ
(0)
b =
1/4πTAdSH while the time scale of a massive boson is given as
τ
(m)
b =
1
2πTAdSH
(
1 +
√
1 + 4m2x2+
)−1
. (34)
Note that the fluctuated black hole from perturbations of the massive boson will go to the
thermal equilibrium faster than those of the massless bosonic case since τ
(0)
b > τ
(m)
b . For the
fermionic case, two kinds of time scale, τ
(0)
f = 1/4πT
AdS
H and τ
(0)
f = 1/2πT
AdS
H , are possible
due to Eqs. (26) and (27).
On the other hand, one might be interested in the critical exponents of two-dimensional
scalar fields instead of the above dimensionally reduced four-dimensional ones on this dila-
tonic AdS2 black hole background of the JT model [13], which is just the two-dimensional ver-
sion of the initial work done in the BTZ black hole [12]. For the case of the two-dimensional
massless boson, it is just what we have already done as far as we remove the dilaton coupling
in Eq. (12), which corresponds to the equation of motion for the spherical symmetric fermion
in the four dimensions. Therefore, the relation for the massless field in two dimensions is
ω = −i2rH/x2+(n + 1) and γAdS2massless = 1/2. Then, what about the massive scalar field in
the AdS2 black hole background? The above similar calculations can be straightforwardly
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done, by dropping the dilaton coupling in Eq. (12) and adding mass term. Performing some
change of variables as z = (r− rH)/(r+ rH) and imposing the above quasinormal condition,
the following relation is obtained as ω = −irH/x2+(n+ 1). It gives interestingly twice value
compared to that of the massless case, γAdS2massive = 1. This is more or less surprising in that
the critical exponent of the massive scalar field is different from that of the massless one in
the AdS2 black hole, whereas this is not the case for the BTZ black hole i.e., the critical
exponents are the same, γBTZmassive = γ
BTZ
massless = 1/2 [12].
The final comment is that we have not justified the scaling relation (1). Of course, in the
three-dimensional BTZ case, it is proved in the numerical way in Refs. [4]. So, it would be
interesting to find out how to obtain the squared scaling relation in two-dimensional AdS.
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